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Abstract 

Radiative corrections to QCD amplitudes in the quasi-multi-Regge kinematics are 
interesting in particular since the Reggeized form of these amplitudes is used in the 
derivation of the NLO BFKL. This form is a hypothesis which must be at least care- 
fully checked, if not proved. We calculate the radiative corrections in the one-loop 
approximation using the s-channel unitarity. Compatibility of the Reggeized form of 
the amplitudes with the s-channel unitarity requires fulfillment of the set of nonlinear 
equations for the Reggeon vertices. We show that these equations are satisfied. 
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1 Introduction 



In the limit of large center of mass energy -y/i and fixed momentum transfer \f—i (Regge 
limit) the most appropriate approach for the description of scattering amplitudes is given 
by the theory of complex angular momenta (Gribov- Regge theory). One of remarkable 
properties of QCD is the Reggeization of its elementary particles. Contrary to QED, where 
the electron does Reggeize in perturbation theory [I], but the photon remains elementary 
12], in QCD the gluon does Reggeize |3j-j5j as well as the quark [6j-|8j. 

The phenomenon of the Reggeization is very important for high energy QCD. In particu- 
lar, the BFKL approach jS] to the description of high energy QCD processes is based on the 
gluon Reggeization. It was assumed in this approach that the amplitudes with colour octets 
and negative signatures in channels with fixed (not increasing with s) transferred momenta 
have the Reggeized form. In the leading logarithmic approximation (LLA), when only the 
leading terms ( 05 Ins)" are resummed 0, the assumption was made about the amplitudes 
in the multi- Regge kinematics (MRK). Remind that the MRK means large invariant masses 
of any pair of final state particles and fixed transverse momenta; we include here the Regge 
kinematics (RK) in the MRK as a particular case. The Reggeized form of these amplitudes 
in the LLA was proved |9^, so that in this approximation the BFKL approach is completely 
justified. 

Now the BFKL approach is developed in the next-to- leading approximation (NLA), when 
the terms 05(0:5' In s)" are also resummed. The kernel of the BFKL equation for the forward 
scattering (t = and colour singlet in the t-channel) in the next-to-leading order (NLO) is 
found |ini;CI] • The calculation of the NLO kernel for the non-forward scattering ^2] is 
not far from completion (see ^31, CI])- The impact factors of gluons [15^ and quarks ^Hl are 
calculated in the NLO and the impact factors of the physical (colour singlet) particles are 
under investigation HTj , [IHl , [IHl , EOI , EH • 

The NLO results are obtained assuming the Reggeized form both for the amplitudes in 
the quasi- multi- Regge kinematics (QMRK), where a pair of produced particles has fixed 
invariant mass, and for the MRK amplitudes in the NLA. It's clear that these assumptions 
must be at least carefully checked, if not proved. It can be done by revision of the "bootstrap" 
relations fT^, appearing from the requirement of compatibility of the Reggeized form of the 
amplitudes with the s-channel unitarity. For the elastic amplitudes these relations impose 
the bootstrap conditions on the colour-octet impact factors and the BFKL kernel in the NLO 
[T^ . The conditions for the impact factors of gluons and quarks as well as for the 
quark part of the kernel J^Ij were shown to be satisfied at arbitrary space-time dimension 
D. For the gluon part of the kernel fulfillment of the bootstrap condition was proved at 

^ 4 [22], in particular, because this part was available at that time only in such limit. 
Now it can be done at arbitrary D, since the kernel at arbitrary D is calculated j23]- 

Evidently, the bootstrap relations must be satisfied for all amplitudes which were assumed 
to have the Reggeized form, so that there is an infinite set of such relations. Since the 
amplitudes are expressed in terms of the gluon trajectory and a finite number of the Reggeon 
vertices, it is extremely nontrivial to satisfy all these relations. Nevertheless, it occurs 
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that all of them can be fulfilled if the vertices and trajectory submit to several bootstrap 
conditions On the other hand, the fulfillment of all bootstrap relations secures the 

Reggeized form of the radiative corrections order by order in the perturbation theory. On 
this way the proof of the Reggeization was constructed in the LLA jUj. An analogous proof 
can be constructed in the next-to-leading approximation (NLA) as well 

The bootstrap relations for the multi-particle production amplitudes give |21j, in par- 
ticular, stronger restrictions on the octet impact factors and kernel, than the relations for 
the elastic amplitudes. These restrictions are known as the strong bootstrap conditions 
suggested, without derivation, in [231211, which lead to remarkable properties of the colour- 
octet impact factors and the Reggeon vertices [27j, that their ratio is a process-independent 
function. In the NLO this quite nontrivial property was verified by comparison of such ratio 
for quarks and gluons j2ZI- Moreover, the process-independent function mentioned above 
must be the eigenfunction of the octet kernel. In the part concerning the quark contribution 
to the kernel it is proved rather easily JH], 12^1, [2H]- To do this for the gluon contribution 
requires much more efforts, but recently it was also done 

In this paper we investigate the bootstrap relations for the production amplitudes in 
the QMRK. We calculate the one-loop radiative corrections to these amplitudes using the 
s-channel unitarity, derive the bootstrap conditions for the production vertices and demon- 
strate that they are fulfilled. 

The next Section contains all necessary definitions and denotations. Then, in Section 
3, we consider the amplitudes with a couple of particles in the fragmentation region of one 
of colliding particles. We calculate the one-loop radiative corrections for these amplitudes 
and derive the bootstrap conditions for the Reggeon vertices in the QMRK in Subsection 
3.1. In Subsections 3.2, 3.3 and 3.4 we demonstrate that these conditions are satisfied for 
quark- ant iquark, gluon-gluon and quark-gluon production respectively. Next we consider 
production of a couple of particles with fixed invariant mass in the central region of rapidities. 
Subsection 4.1 contains the calculation of the one-loop radiative corrections and derivation of 
the bootstrap conditions. Fulfillment of these conditions is proved in Subsections 4.2 and 4.3 
for quark- ant iquark and gluon-gluon production respectively. Significance of the obtained 
results is discussed in Section 5. 



2 Definitions and denotations 

Considering collisions of high energy particles A and B with momenta pa and pb and masses 
rriA and ms introduce light cone 4- vectors pi and p2 so that 

Pa = Pi+ {m\/s)p2 , Pb =P2+ {ml/s)pi , s = 2piP2 ^ {pa+ Vsf , (2.1) 

where s is supposed tending to infinity, and use the Sudakov decomposition of momenta 

p = (3pi + ap2 + p± , sa/3 = p^ - p\= p^ + p"^ , (2.2) 

where the vector sign denotes components of momenta transverse to the PaiPb plane. They 
are supposed to be limited (not growing with s). 
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According to the hypothesis of the gluon Reggeization the amphtude of the process 
A + B ^ A' + B' with a colour octet in the t-channel and negative signature (that means 
antisymmetry under the substitution s m ~ — s ) has the form: 



•^AB — ^ A' A 



r%,B , (2.3) 



where 

t = q^^ql = ~q^, q=PA-PA' =Pb' -Pb ; 3{t) = l + uj{t) ; (2.4) 

j{t) is the gluon Regge trajectory, Tp,p are the vertices of the Reggeon interactions with 
scattered particles, c is a colour index. The form ()2.Hj) represents correctly the analytical 
structure of the scattering amplitude, which is quite simple in the elastic case. In the BFKL 
approach it is assumed that this form is valid in the NLA as well as in the LLA. Remind that 
in each order of perturbation theory amplitudes with negative signature do dominate, owing 
to the cancellation of the leading logarithmic terms in amplitudes with positive signatures, 
which become pure imaginary in the LLA due to this cancellation. Note that the amplitude of 
the process A + B — > A' + B' can contain contributions of various colour states and signatures 
in the t-channel, so that, strictly speaking, we should indicate somehow in the L.H.S. ()2.3p 
that only the contribution of a colour octet with negative signature is retained. But since 
in this paper we are interested only in such contributions, we have omitted this indication 
to simplify denotations. We do the same below considering the inelastic amplitudes, so that 
a colour octet and negative signature is always assumed, without explicit indication, in the 
channels with gluon quantum numbers. 

In the leading order (LO) the vertices of the Reggeon interactions with quarks and gluons 
have very simple form in the helicity basis: 

Tp/p = gTp,p5\p,\p , (2.5) 

where g is the QCD coupling constant, Tp,p are the matrix elements of the colour group 
generators in corresponding representations and A-s are helicities of the partons. But we'll 
need a basis-independent form of the vertices. For quarks with momenta p and p' having 
predominant components along pi such form can be presented as 

r^,Q = gu{pYii^n{p) , (2.6) 

where are the colour group generators in the fundamental representation; for antiquarks 
we have correspondingly 

For gluons with predominant components of momenta along pi we'll use physical polarization 

vectors e{p)p = e{p')p' = in the light-cone gauge e{p)p2 = e{p')p2 = , so that 

I / N {e{p)±P±) . n / /X W)±p'a_) to Q\ 

e{p) = e{p)± p2 , e{p) = e{p )i_ p2 , 2.8 

P2P P2P' 

and 

Tg'g = -g{e*{p')^e{p)^)T^a'G , (2-9) 
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Figure 1: Schematic representation of the process A + B — > Pq + + " " ■ + Pn+i in the MRK. 
The zig-zag hnes represent Reggeized gluon exchange; the black circles denote the Regeon 
vertices; qi are the Reggeon momenta, flowing from the left to the right; q are the colour 
indices. 



with the colour generators in the adjoint representation. For momenta with predominant 
components along p2 we have to replace in these formulas p2 Pi (evidently, this re- 
placement in ()2.8|) means change of the gauge). The gluon trajectory in the LO is given by 



d 



D-2 



Ql 



2(27r)^'i J q^{q-qiY (47r)^/2 r(2e) 

Here and in the following N^. is the number of colors, D = 4 + 2e is the space-time dimension 
taken different from 4 to regularize infrared divergencies; r(a;) is the Eueler function. 

The necessary assumption in the derivation of the BFKL equation is the Reggeized form 
of the production amplitudes in the multi-Regge kinematics (MRK), which means large 
invariant masses of any pair of flnal particles and flxed transferred momenta. Denoting 
momenta of flnal particles in the process A + B ^ Pq + Pi + ... + Pn+i as/ci,i = 0-i-n-|-l 
(see Fig. 1), 

ki = PiPi + aiP2 + ki± , saiPi = kf - k'^^ = kf + A;-^ 
we can put in the MRK 



2iV,r(l-e) T\e) 



2\e 



(2.10) 



ao < ai ■ ■ ■ < a„ < , < /3„ ■ ■ ■ < /3i < /3o 

Due to Eqs. (j2.1H) and (j2.12j) the squared invariant masses 



(2.11) 
(2.12) 



{ki_i + kiY s(3i_ia. 



. -^^-\k^ + k,-) 



(2.13) 



are large compared with the squared transverse momenta of produced particles, which are 
of order of the squared momentum transfers: 



where 



qi = Pa 



i-l 
j=0 



Si > ki 



Pb 



(2.14) 



n+l \ i-l 

^ /cj 1 f» (3ipi - ai-ip2 - ^ kj^ 



ti = Qi ~ qL 



and product of all Sj is proportional to s: 

n+l n 



(2.15) 



(2.16) 



1=1 



i=l 



The production amplitudes have a complicated analytical structure (see, for instance, |Hn].p?T|). 
Fortunately, only real parts of these amplitudes are used in the derivation of the BFKL equa- 
tion in the NLA as well as in the LLA. We restrict ourselves also by consideration of the 
real parts, although it is not explicitly indicated below. They can be written as (see ^2] and 
references therein) 



AA 



U){ti) 



i=l 



<^(in + l) 



''n+l 



'U2 1.2 



BB 



(2.17) 



where l^^^a+iiliy ^^e so-called Reggeon-Reggeon-particle (RRP) vertices, i.e. the 

effective vertices for production of particles Pi with momenta ki=qi — g^+i in the collision of 
the Reggeons with momenta and — g^+i and colour indices Cj and Cj+i. In the MRK only 
gluons can be produced with the vertex 



(2.18) 



where a, k = qi — q2 and e{k) are respectively colour index, momentum and polarization 
vector of the gluon, 

0^(12, gi) = -q^ - q', + P'A^- + 2^) - P'2i^ + 2^) 

kpi P1P2 kp2 P1P2 



-^l± - ^2± 



'^{kl-2ql^) + -f-ikl-2ql^) 



2{kp 



2{kp2) 



In the light cone gauge e{k)p2 = we have 

e;{k)C^{q2,qi) = -2el{k) (^q,^ - k^^^ . 



(2.19) 



(2.20) 



In the NLA the multi-Regge form is assumed in the BFKL approach for the production 
amplitudes not only in the MRK, when all produced particles are strongly ordered in the 
rapidity space, but also in the QMRK, when a couple of two particles is produced with 
rapidities of the same order. The QMRK can be obtained replacing one of the particles Pj 
in the MRK by this couple. Therefore the QMRK amplitudes have the same form (j2.17p as 
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in the MRK with one of the vertices 7^Ci+i ^pp substituted by a vertex for production of 
the couple. 



c^\^ ) 

^i^/^>^' = A{pAPB)T\p,p,^^-rn'B , (2.21) 



If the particles Pi and P2 are produced in the fragmentation region of the particle A, we 
have 

~t 

where now q = pa — k , k = ki + k2 , ki and /c2 are momenta of the particles Pi and P2 
correspondingly; for their Sudakov parameters we have /5i ~ /?2 ~ 1 , Pi + P2 = , «! ~ 
02 ~ 0(1/ s) . The produced particles can be gg or qq pair if the particle A is the gluon and 
qg when the particle A is the quark. 

If rapidities of components of the produced couple (it can be or gg or qq pair) are far 
away from rapidities of colliding particles, then it is created by two Reggeized gluons, and 
its production is described by the vertices 7^?2(q'i, ^'2) or 7^cf ^(q'l, 52), where gi,ci and 
— 1?2, C2 are momenta and colour indices of the Reggeized gluons. The amplitude A^b^^^^^^ 
describing production on the couple Pi and P2 with the Sudakov parameters ai ~ 02 ^ 
1, /5i ~ /52 <^ 1, has the form 

A^J'^'-'' = ^iPAPB)T%/-^^!lSiq,, g2) Vrg'B , (2.22) 



where 



ii I2 



qi=PA- PA' , q2 = -PB + Pb' , ti = q^ ~ g,^^ 



si = {pA' + kf , S2 = {pb' + kf , k = ki + k2 , /c^ < si,2 < s . (2.23) 

Note that because the QMRK in the unitarity relations leads to loss of the large loga- 
rithms, scales of energies in (j2.2H) . (j2.22j) are unimportant in the NLA; moreover, the trajec- 
tory and the vertices are needed there only in the LO. The trajectory in this order is given by 
()2.10|) : the vertices are presented below. Remind that the vertices were extracted from cor- 
responding amplitudes in the Born approximation, so that at the tree level Eqs. ()2.21|) . ()2.22p 
are verified. What has to be checked is their energy dependence, i.e. the Regge factors s^^*'\ 



3 Production in the fragmentation region 

3.1 One-loop radiative corrections and bootstrap conditions 

To be definite, we consider below production in the fragmentation region of the particle A. 
In this section we use denotations si = {ps' + PPiY and S2 = {pb' +Pp2)'^- Note that here 
Si ~ S2 ~ s, contrary to the case of production in the central region of rapidities. In the 
radiative corrections to the amplitude A^J'p^^^^ we have to retain only large logarithmic 
terms, not making difference between Ins, Insi and lns2. Therefore the corrections can 
be calculated using the s-channel unitarity in the same way as it was done for the elastic 
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Figure 2: SchematicQrepresentation of the discontinuities of thfe amplitude : a -in 

the s-channel; b - in the si-channel. 



scattering amphtudes in the LLA [5]. The large logarithms are defined by the discontinuities 
of the amplitude A]^j^^^^^ in the channels s, Si and S2, and we find them using the unitarity 
relations in these channels. 

Let start with the s-channel discontinuity. In the one-loop approximation the interme- 
diate states in the unitarity relation can be only two-particle states, so that we have (see 
Fig. 2 a) 



3. Air''"' = 5 E / (3-1) 

{AB} 

where the sum J2{Ab} discrete quantum numbers of the particles A and B, 

is their phase space element. Here and in the following we use the Hermitian property 
of the Born amplitudes 

{A{y=A}. (3.2) 
In the region which gives a leading (growing as s) contribution to the imaginary part 

- i^mP. + P. - P. - P^) ,f^L,f^-. - ■ (3.3) 

Here and below r± is the transverse part of the momentum transfer — ps- Note that for 
production in the fragmentation region the Sudakov parameters a and (3 for the momentum 
transfer p§ — Pb are ~ 1/s, so that p^ — ps — r±. For production in the central region it is 
not always correct. 

The imaginary parts in the Si 2-channels are calculated quite analogously. Take the Si- 
channel. Denoting intermediate particles in the unitarity relation in this channel P and B, 
we obtain (see Fig. 2 b) 

^i..,....rAT''" = \Y.I ^fB'''A;fd<i>,„ (3.4) 

{PB}-^ 
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with 



'26p(27r)^-i2e^(27r)^-i 2(pb' + PpJ2(27r)^-2 ' 

(3.5) 

The S2-channel imaginary part is obtained from ()3.4|1 . ()3.5|1 by the substitution Pi ^ P2. 

Since we don't make difference between In s, In si and In S2, we need only sum of the imag- 
inary parts in the s, Si and S2 channels. Using ()2.3p and ()2.21|) in the Born approximation 
for the amplitudes in ()3.1|) . ()3.4|) we obtain for the sum 

^•^AB - (27r)^-2 7 (g - r)2_ ^ {*}^ {A^^2}{i} ^ bb^ b'b ' '^'^•'^^ 

where the sum over {1} is performed over all possible intermediate states and their quan- 
tum numbers. If {1} contains two particles, one of them must be Pi or P2; in this case 
corresponding subscript in {p-^P2}[i} can be omitted. 

Remind that we assume everywhere projection on a colour octet and negative signature 
in the t-channel. Performing this projection explicitly by the projection operator V^^, 

{clc[\V,^C2d,) = , (3.7) 



' c 



where fate are the structure constants of the colour group, and using the bootstrap property 
of the LO vertices 

fc<cJ2n^^^B = ~^9Y^B'B, (3.8) 
which is easily derived from ()2.5|) . we get 

(3.9) 

Here we indicate explicitly dependence of the Reggeon vertices on momentum transfer. Re- 
mind that the sum over {%} is performed over all possible intermediate states and their 
quantum numbers. All vertices here are taken in the leading order, so that if an intermedi- 
ate state contains two particles, one of them must be the same as in the final state; another 
changes its transverse momentum and colour state, but its helicity is conserved. The real 
part of the one-loop contribution to the amplitude can be restored from the imaginary part 
by the substitution (cf. (|2.3|) ) 

-TT 21ns . (3.10) 

Therefore, comparing ()3.9|) with the first order term in the expansion of ()2.2ip with account of 
fl2.10p . we see that the one- loop correction calculated above is compatible with the Reggeized 
form dTTTD only if 

/d^~'^r± ^yccic; ^, 9 f d^~'^rj_ 

(3.11) 
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Eq. ()3.11|) gives the bootstrap conditions for the Reggeon vertices of two-particle pro- 
duction in the fragmentation region. In the next subsections we show that they are satisfied. 



3.2 Quark-antiquark production 



To produce a qq pair the particle A must be a gluon. Let = pi, a is the colour index of 
the initial gluon, ki and k2 are the quark and antiquark momenta respectively, 

ki,2 = Pi,2 Pi H 7. — -P2 + fci,2± , ki± + k2± + q± = Q , (3.12) 

m is the quark mass. The intermediate states {i} in 1)3.1111 can be: 

1) one-gluon state with momentum = Pi — r; 

2) qq state with quark and antiquark momenta k[ = ki + q — r and ^2 respectively; 

3) qq state with quark and antiquark momenta respectively ki and k'2 = k2 + q — r. 
Apart from the "elastic" vertices ()2.9|) . ()2.6p . ()2.7p the bootstrap condition contains only the 
Reggeon vertex for qq production, which can be found in In general case, when the pair 
is produced by the gluon G with momentum k = (3pi + k"^ / {(3s)p2 + k_[_ , the vertex can be 
presented as 

^QQ}G = it^n,^, (Aiik, - X^k)^) - Aiix2k^ - X,k2)A_)) 



- {f^,^,^ {A{{-k2 + X2k)^) - A{{x2k^ - x,k2)^)) , (3.13) 

where xi^2 = Pi,2/P, xi + X2 = 1, ii,i2 are quark and antiquark colour indices, a is the 
colour index of the gluon G. The amplitudes A{p±) in the light-cone gauge ()2.8j] are rather 
simple: 

(3.14) 



— ■ ■ (3s 

Here e is the gluon polarization vector, u{ki) and f (^2) are the spin wave functions of the 
quark and antiquark respectively. 

With the vertices ()2.9|) . ()2.6|) . ()2.7p and ()3.13|) the contribution of either of the three in- 
termediate states to the integrand in L.H.S. of ()3.1ip is readily calculated and we obtain 
correspondingly 

1) 



Nr 



2) 



- (t^'^r') iA{i-k2 - X2r)^) - Ai{x2k, - X,k2)±)) 

\ / 4112 

igfccic[ - 



(3.15) 



fkH^A iAii-k2 - r)x) - Aii-k2 - X2t)^)) 

/ lil2 



- (e'H'H'^) {A{{-k2)A_) - A{{-k2 - X2r)^)) 

\ J iii2 



(3.16) 
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and 
3) 



igf 



CC\ c. 



(^((^1 



V / 1112 



(3.17) 



It's not difficult to see from these expressions that the terms with A[{k\ + xir)_L) are 
cancelled before integration, due to the commutation relations between t*, as well as the 
terms with AiX—ki — X2r)i). As for the terms with A{{k\ + r)^) and A{{—k2 — t)±), they 
cancel each other as a result of integration, due to invariance of the integration measure 
dP~'^r^l (r^(g — r)^) with respect to the substitution {k^ + (— ^2 — with account 

of fcix + A;2_L + 5'±=0. A simple colour algebra shows that the remaining terms gather into 
(5f/2)r^ggi^, where A is a gluon with momentum = Pi (see ()3.13j) ). that makes evident 
that the bootstrap condition (jH.llj) is satisfied. 



3.3 Two-gluon production 



The case of two-gluon production can be considered quite similarly. Again the particle A 
must be a gluon. Using the same denotations as before, with the difference that k\ and k2 
now are the momenta of the produced gluons (so that m is replaced by 0), i\ and %2 are their 
colour indices. Denoting their polarization vectors in the light-cone gauge ()2.8j) e\ and 62, 
we can present the vertex ^\Q^Q^^^Q of two-gluon production ^3] in the same form as ()3.13p 



- (T^n,^,^ {A{{-k2 + X2k)^_) - A{{x2k^ - x^k2)x_)) , (3.18) 
where the amplitudes Aip^}) now have the form: 



A{v^) = 1^ 



X1X2 [ei±e2±) {e±p±) - xi (ei_Le_Lj [e2±P±) - X2 [e2_Le±) {ei^p±} 



(3.19) 



The intermediate states are now: 

1) one-gluon state with gluon momentum = Pi — r; 

2) two-gluon state with gluon momenta k[ = ki + q — r and ^2; 

3) two-gluon state with gluon momenta ki and k'2 = k2 + q — r. 

It is easy to see that the contributions of these states to the integrand in L.H.S. of p.llj] 
are given by the same formulas ()3.15|) - ()3.17|) as for the case of quark-antiquark production, 
with the only difference that the colour group generators are taken not in the fundamental, 
but in the adjoint representation. Since in the proof of fulfillment of the bootstrap conditions 
only the commutation relations of the generators were used, the proof can be applied to the 
case of two-gluon production as well as to qq production. 
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3.4 Quark-gluon production 



In the case of quark-gluon production (when the particle A is a quark) the bootstrap condi- 
tion can be considered in the same way. Let now k is the momentum of incoming quark, ki 
and /c2 are the momenta of final quark and gluon correspondingly. Note that k"^ = k\ = m?, 
so that 

k'^ + m^ 

k = fJpi^ n P2 + k± , 

ps 

ki = Pipi + \ ^ P2 + ki± , k2 = (32Pi + -^P2 + k2± . (3.20) 
Then from one can obtain 



- (Ai-h + X2k)^) - A{{k^ - xik)^)) , (3.21) 

where ii and 12 are now the colour indices of the outgoing and incoming quarks, a is the 
colour index of the produced gluon G, and the amplitudes A now have the form: 



A{pA 
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Pj_ — X2m? (3s 



u{ki)—[ xifj)^ + + f^x^m u{p) . (3.22) 



Possible intermediate states are now: 

1) one-quark state with quark momentum p^ = Pa — ^'1 its contribution to the integrand in 
the L.H.S. of the bootstrap equation is 



CClC-, 



Nr 



tH^fA {A{{x2kr - xik2)±) - Aiiki + xir)^)) 

/ 1112 



rin^^) {A{{-k2 - X2r)^) - Aiiki + xir)^)) 

/ 1112 



(3.23) 



2) quark-gluon state with quark and gluon momenta k[ = ki + q — r and k2 correspondingly; 
it gives 



Nr. 



(3.24) 



f'H'^fA {A{{-k2 - X2r)^_) - A{{-k2 - r)^)) 

/ lit2 

f'H'H-) {A{{-k2)A_) - A{{-k2 - r)x)) 

/ lil2 

3) quark-gluon state with quark and gluon momenta ki and k'2 = k2 + q — r] it contributes 

e'f^) {A{{h + x,r)^)-A{{ki)^)) 

J lil2 



and 



-(fH'^') iAiik, + r)^)-Aiiki)^)) 

\ J iii2 



(3.25) 
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As well as in the case of qq production, it's not difficult to see that the terms with 
A{{ki + xir)i_) and A{{—k2 — X2r)i_) are cancelled before integration, due to colour algebra; 
the terms with A{{ki + r)±) and A{{—k2 — r)^) cancel each other as a result of integration, 
and the remaining terms give ((7/2)r|^Q|g, where Q is a quark with momentum = 
Pi + (mVs)p2 (see ^^2^). 

It completes the proof that the bootstrap conditions ()3.11|) are satisfied. 

We have considered here the case of qg production. QCD invariance under the charge 
conjugation secures that the bootstrap condition is fulfilled also for qg production. 



4 Production in the central region 

4.1 One-loop radiative corrections and bootstrap conditions 

Seing that only large logarithmic terms in the radiative corrections to the amplitude A^^^^^^^^ 
must be retained, the corrections again can be calculated using the s-channel unitarity, as 
it was done for gluon production in the MRK in the LLA 0. The logarithmic terms in 
the real part of the amplitude are obtained from the imaginary parts, connected with the 
discontinuities of the amplitude in channels with great (tending to infinity when s oo) 
invariants, by the substitution ()3.10|1 . with corresponding invariant instead of s. Production 
of two particles with fixed invariant mass instead of one leads only to technical complications 
connected with existence of larger number of such invariants, analogously to the case of two 
particles in the fragmentation region compared with elastic scattering. 

Let momenta of the produced particles Pi and P2 be ki and k2 with ki + k2 = k = qi—q2 ; 
Qi = Pa — Pa' and q2 = Pb' — Pb are transferred momenta; note that we can neglect by a 
component of qi (^2) along p2 (pi), so that 

qi = PPi + qi± , q2 = -ap2 + q2± , sap = k^ . (4.1) 

In the case of production of one particle with momentum k in the MRK the large logarithms 
were defined by the discontinuities in the channels Si = {pa' + k)^, S2 = {pb' + ^)^, s and 
{Pa' +Pb'Y- Now we have more invariants which are great; but they can be divided into 
three groups of invariants of the same order (~ si, ~ S2 and ~ s). Evidently, we have to 
calculate discontinuities in channels of all these invariants. Since we don't differ logarithms of 
invariants of one order, the real parts of the amplitude related to discontinuities in channels 
of invariants ~ Sa {sa can be Si, S2 or s) are obtained from the imaginary parts by the 
substitution (j3.1Up with s — > Sa- Note that with our accuracy Ins = Insi + lns2, therefore 
only two large logarithms in the real part can be considered as independent. We choose as 
independent Insi and lns2. To calculate the contribution with Insi (lns2) in the real part 
we have to find the sum of the imaginary parts in the channels with invariants of order Si 
(S2) and of order of s and then to make the substitution ()3.10|) with Si (^2) instead of s. 

Therefore, to find the terms with In S2 in the real part we need to calculate the imaginary 
parts in the channels S2 = {pb' + k^, S21 = {pb' + ^i)^, S22 = {Pb' + ^2)^, s = {pa + Pb)'^, 
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-s' = {pa' + Pb'Y, s[ = {pa' + ki + Pb'Y and s'2 = {pa' + ^2 +Pb')'^, schematically shown in 
Figs. 3 a-g. Let us represent the sum of the imaginary parts as 

^ ^r2„i (-.^ / -^g21^^-fe.,,..j) irg., . (4.2, 

Below a possibility of such representation (which could be clear for an advanced reader) is 
shown and the contributions to ^J|'cf^(i3'i, 5'2, from the imaginary parts in each of the 
channels are found. Let start with the S2-channel (see Fig. 3 a): 

^aXr = ^ E / ■^^r4r^^"^*P^ ' (4-3) 

{PB} 

where d^p^ is given by (|3.5p with the replacement pp^ ^ k. As always, = {pp —Pb)l- 
The particle P has to be produced in the MRK, so that it must be a gluon. Denoting its 
momentum k' we have 

k' = Ppi - ^^^^^P2 + (gi - r)x . (4.4) 

ps 

The possibility of the representation ()4.2j) for the imaginary part ()4.3|) becomes evident if 
one takes the representations ()2.17|) and ()2.2H) in the Born approximation for the amplitudes 
in ()4.3p . extracts the antisymmetric colour octet in the t2-channel (^2 = {pb — Pb'Y) by the 
projection operator (j3.7|) and uses the bootstrap property of the LO vertices ()3.8|) . For the 
contribution J^ciC2 ^'^ ^ciC2^iliyl2y^±) one obtains 

= ^hc2 Yl 91 - k')rUp.}G ■ (4-5) 

{G} 

Imaginary parts in the channels {pb' + kiY and {pb' + ^2)^ (see Fig. 3 b,c) are found quite 
analogously. For the first of them we have 

%.aT'''^'' = \Y.I <r''^'p!'d^PB , (4.6) 

where d^pp is given now just by ()3.5|) . Evidently, the particle P now is of the same kind as 
Pi. Denoting its momentum k'^ we have 

k[ = ^P. + ai^SSl^h^p^ + _ A:2 - r)^ , (4.7) 

where mi is its mass. The amplitudes A^^^^^^^ and are given by ()2.22|1 and ()2.3j] 

respectively, taken in the Born approximation. After extraction of the antisymmetric colour 
octet in the t2-channel and use of ()3.8p we come to the representation ()4.2|) with the contri- 
bution J^j!^^^ to J^ciC2^{qi,q2,r±) equal 

^0,02 = ^kc2Y.^S\qi,qi - k[ - k,)T=^^- . (4.8) 
{P} 
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Figure 3: Schematic representation of the discontinuities of the amphtude -A^^^^^^^^ : a -in 
the S2-channel; b -in the S2i-channel; c -in the S22-channel; d -in the s-channel; e -in the 
s'-channel; f -in the s'^^-channel ; g -in the S2-channeL 
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Evidently, 

^c,c.=^c,c.(A--A) • (4.9) 

The imaginary parts shown in Figs. 3 d-g are calculated in a similar way. For Fig. 3 d one 
has 

= ^ E / ^iUir-'^'d^AB , (4.10) 

{AB} 

where d^^j^ is given by ()3.3|) : rj_ = {pj^ — Pb)± — Pb — Pb ■ The amplitudes and 

A^^^^^^^ are given by the Born terms of (|2.22j) and (|2.3p respectively. The difference of 
further calculation from preceding ones is that it is necessary to apply the projection operator 
()3.7|) and to use the bootstrap property ()3.8|) both in the ti- and t2-channels. After this it 
becomes clear that again the imaginary parts have the form ()4.2|) with the contribution to 
^c^^'{qu(l2,r±) equal 

Kc, = f ^cj./c.^^^^7,5^^(gi - rx, q2 - rx) . (4.11) 
The imaginary part answering Fig. 3 e is 

= i E / ^T'^'^^i'd'tAB . (4.12) 

{AB} 

where d^^j^ is given now by ()3.3p with the replacement {pa +Pb Pa' + Pb')- It is easy to 
see that the contribution of this imaginary part to J-'c^c2^{(li,(l2,r±) is obtained from J^ciC2 
by the substitution r ^ q2 — r. Since the integration measure in ()4.2|) is invariant under this 
substitution, we can put 

Kc, = Kc, ■ (4.13) 

At last. Figs. 3 f,g appear only in the case when the particles Pi and P2 are gluons. The 
imaginary part answering Fig. 3 f is 

%fA2''''''' = \Y.I Kf^tr'^^AB ■ (4.14) 

{AB} 

The amplitudes entering in ()4.14|) are given by ()2.17p with n = 1 in the Born approximation. 
Again applying the projection operator ()3.7p and using the bootstrap property ()3.8|) in the 
t\- and t2-channels we obtain 

H^C2 = ^/i'i'ca/iici^rTr^r^T^^^^' ~ ^1' ^1 " ~ ^2hfl>{qi, qi - h), (4.15) 
yi_Llyi qi)± 

where qi = Pipi + [ki + q2 — t)±. Evidently, 

nc.=H.c,{Pi--P2) . (4.16) 

Note that J^I^C2 invariant under simultaneous substitution Pi ^ P2 (that means, in par- 
ticular, ki ^ k2) and r±_ ^ (g2 — r)±. The last substitution can be considered as the 
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redefinition of r^. Since tlie integration measure in ()4.2|) is invariant under tliis redefinition, 
we can make 

= Kc, ■ (4.17) 

Therefore, we liave 

Q2,r) = T:^,^ + T\^,^ + Tl,^ + 2Ti^^ + 2^^^ , (4.18) 
wliere tlie terms in tlie R.H.S. are given respectively by Eqs. ()4.5|) . ()4.8|) . ()4.9|) . ()4.11|) and 

iHD. 

As it was discussed earlier, the terms with lns2 in the real part of the amplitude 
•A^b'^^^^^ are obtained from ()4.2|) by the substitution ()3.10|) with instead of s. Compar- 
ing the obtained result with ()2.22|) with account of ()2.10|) . we see that the one-loop correction 
calculated above is compatible with the Reggeized form (j2.22j) only if 

/ (.....^J - / . (4.10) 

Eq. ()4.19p gives the bootstrap conditions for the vertices of pair production in Reggeon- 
Reggeon collisions. They are verified in the next subsections. 

4.2 Quark-antiquark production 

For simplicity, we discuss below the case of the massless quarks, although the massive case 
can be considered quite analogously. 

Denotations 

Remind that k\ and /c2 are the quark and antiquark momenta respectively; 

h = PiPi + ciiP2 + ki± , i = 1,2 , saiPi = -kf^ = K'^ ] 

Pi = XiP , P = Pi + P2 ; k = ki + k2 = qi - q2 , 

and we can put 

qi = Ppi + qi± , q2 = -ap2 + q2± , P = Pi + P2 ,a = ai + a2 . 

We use also 

k' = Pp. - ^^^^P2 + (gi - r)^ , k[ = p,p, - ^-^^^^^P2 + (gi - k, 

pS PiS 

K = P2P1 - ^^^^^^P2 + (gi -ki- rh . 
P2S 

16 



(4.20) 
(4.21) 

(4.22) 



The function J-'^^^^ (<?!) 12, f±) in ()4.19p is expressed in terms of the Reggeon vertices defined in 
fl2.6|) . ()2.7|) . ()2.18p . ()3.13|) and the effective vertex of quark-antiquark production in Reggeon- 
Reggeon colhsions. The last vertex was found in and has the form 



(4.23) 



where a(gi; ki, /C2) and k2., ki) can be written in the following way: 

1^ -, #2^2^ 1 



a(gi; ki, k2) = ^^^^^^^ - , a(gi; /c2, ki) 
sti k^ 



St2 



A;2 



with 



(4.24) 



}i - k2f , Qi = qi± - ki± , Q2 = qi± - k2± 



{qi + q2)± -Ppa{1-2 



q{ 



+ apB [1-2 



3L 

saj3 



(4.25) 



Further for denominators in the Reggeon vertices we use denotations -D(p, q) and d{p^ q): 

D{p,q) = Xip\ + X2qi, d{p, q) = {xip^-X2q±y] D{p, q) = d{p, q) + XiX2{p± + q±y ■ (4.26) 
Seeing that for arbitrary p± 



u{ki)i)^v{k2) = u{ki) 



s(3 V xi X2 



V{k2) 



(4.27) 



we can present a(gi; /ci, /C2) and a(gi; k2-, ki) as 

4 



a(gi; /ci, /ca) = —^^2b{qi; /ci, /C2) , a(gi; /^2, h] 
sp 



sf3 



(4.28) 



where 



6(gi; fci, ^2) 



X1X2 



D(A;i - gi, A;i) rf(A;2, ki) \ D{k2, ki 



i±ai± 0i±f2± 



^2 



6(gi; ^2, A^i 



- gi± + 2(gi±(/ci + /C2)±; 

X2 

Dih, k2 - qi) d{k2, ki) \ D{k2, ki) 



2± 



X\ 



X2 



ql± + 2(gix(A;i + k2] 



1 . 



(4.29) 



This form of a(gi; fci, /C2) and a(qi;k2,ki) permits to perform quite readily the summation 
over spin projections A of intermediate quarks and antiquarks in the contributions ^cic2 ^"^^ 
^cic2 to •^ii'cf(9i>92,'"±); for example: 

^^(A;i)A^^(A;;)^^(A;;)a(gi;A;;,A;2)t;(A;2) =M(fci)a(gi,fc;,fc2)t;(A;2) . (4.30) 
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Independent colour structures 



It is easy to calculate the number of independent colour structures for production of a qq 
pair by two Reggeized gluons. Indeed, the pair can be either in a colour singlet, or in a 
colour octet state. Due to the colour symmetry each of these state can be produced only by 
the same state of two Reggeized gluons, which are colour octets. Since there is one singlet 
and two octets (symmetric and antisymmetric) in decomposition of product of two octets 
into irreducible representations, the number of independent colour structures is three. Their 
choice is not unique. We accept the following one: 

From the equality 

^b ^ J_^ab ^ l^afec ^o ^ 1^ j^abo ^o .4 32) 

it is seen that the first and the third structures contain a singlet and a symmetric octet, 
whereas the second structure contains only an antisymmetric octet. 



Representation of ^ciJ^^iQijQ^,^) 

Using these colour structure we can represent each of the contribution ^ciC2 entering in 
•^c^cf' ilu g2, r) KT^ in the form 



„3 AT ^^=3 

^0102 = " A^(^2) . (4.33) 

'"^ n=l 



It is not difficult to find all £^ from the equations presented above. 

From ()4.5p . using the Reggeon-Reggeon-gluon (RRG) vertex ()2.18|) in the gauge ()2.2Up 
and the vertex for qq production in the fragmentation region ()3.13|) we obtain: 

_ Xl^l±{h± - Xi^'j_) - X2(^l± - Xifj_)^i± X2{X2^'^ - |^2±)^1± - (a^2|^l - |^2±) 

^ ~ d{k'^, ki) d{k2, k[) 



ql±{x2{h± - a^il^D^l - a^if±(^i± - a^if±)) q1±{xi^'A^2^'± " h±) - X2{x2^'^ - h±)^'±) 
k'ld{k'^,ki) k'ld{k2,k[) 

(4.34) 

X2{x2^'_^ - h±)h± - Xiii±{x2^'^^ - 1^2±) _ a:i^i±(^i± - xil/:'j_) - X2{^ii_ - Xi^'J^ii_ 
d{k2,k[) d{k'„k,) 

ql±{x2ih± - - xi^'^i^i^ - xi^'^)) qf^{xi^'^{x2^'^ - hi.) - ^'i{x2^'^ - hi-W±) 

k'ld{k'^,ki) k'ld{k2,k[) 

^ ^ Xi^1_l(x2|^1± - Xihl) - X2{x2hj_ - Xi|^2±)^l± 

d{k2, ki) 
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+2y7Ti7rS^(^2(x2|^i± - xilf^2i.Wi_ - a;i (x2|^i± - xilf^2iS) ; (4.35) 

C^ = . (4.36) 

In the case of qq production the particle P in the sum fl4.8j) must be a quark with momentum 
k[. Taking the representation ()4.23|) . ()4.28p for the vertex of quark-antiquark production in 
Reggeon-Reggeon colhsions, ()2.6|) for the Quark-Quark-Reggeon vertex and summing over 
spin projections according to ()4.30p . we have: 



= -b{q,; k[, h) , 4 = -^KQi; h, K) , C\ = -{h{q,- k[, k^) - b{q,; k^, k[)) . (4.37) 
Quite analogously we obtain 



CI = -b{q,- k'„ k,) , L\ = -biq,- A;i, k',) , = --{b{q,- k,, k',) - b{q,- k'„ k,)) . (4.38) 



The functions 6(gi; fci, k2) and 6(gi; /c2, A;i) are defined in ()4.29|) . 

The quantities £^ are easily obtained from ()4.1ip with account of the representation 
and are equal 



^t=T^ (Kgi - fci, k2) - b{q, - r; ^2, k,)) , (4.39) 



= -Tri^Qi - n ^1, h) + b{qi - r- ^2, fci)) , (4.40) 

Ci = Q . (4.41) 

Since in the case of qq production the diargams Fig. 3 f,g can not contribute, Eqs. ()4.33|) - 

1)4.411) together with ()4.18|) determine the L.H.S. of the bootstrap equation ()4.19|) . Using 
dOSI), and we can present the R.H.S. in the form 

AT _ n^N 

9Y^ll{quq2) = ^-j^u{ki)hY.'^T'^nv{k2) , (4.42) 



n=l 



where 



£1 = 0, (4.43) 



1 



A = -- {biqi, k,, k2) + b{qi- k2, ki)) , (4.44) 
1 



>C3 = 2 (KQi - r; ki, k2) - b{qi - r; fca, /ci)) . (4.45) 
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Verification of the bootstrap equation 



We have to compare the coefficients in the decomposition into the colour structures TZ'^'^^ 
in the left and right parts of the bootstrap equation ()4.19|) . Let start with TZI^'^^. Consider 
sum of C\. Note that due to the symmetry of the integration measure in (j4.19|) under the 
substitution r± {q2± —r^) we can make this substitution in separate terms in C\. Doing 
it in the terms with the denominator D{k'2, k'2 — qi) permits to convert them in terms with 
the denominator D{k[ — qi, k[). After that, using the decompositions 



X1X2 



d{k2,k[)D{k2,k[) k'l\d{k2,k[) D{k2,k[] 
X1X2 1 



d{k'2,ki)D{k'2,ki) k'l\d{k'2,ki) D{k'2,ki] 
it is easy to see, that the terms with the denominators 



(4.46) 
(4.47) 



D{k'2,ki), D{k2,k[) , D{k[,k[~q,) (4.48) 

are cancelled and we obtain for the sum of C\: 

xiX2ql^ _ XiXagL (d(/c^, feQ - XiXsfcl^) gL {xiXik'l - d{k2,k'^)) ^ 

d{k'2,k{) d{k2,k[) k'ld{k'^,ki) k'ld{k2,k[) ' ^' ' 

as it must be, since the structure T?-^^'^^ is absent in the R.H.S. of the bootstrap equation. 

Turn to the colour structure 7^2^ Using ()4.46|) . ()4.47|) we obtain from the sum of C2'. 

-^M) ~ IS) + d(^) ['"^"^ (^^^('^^ + - "^^^^^^^ - 
2 2 
+ k'ldlk\, - d{k'2, fci)) + j^2d{k2, k[) (^1^2^^' - d{k2, k[)) 

k'ld{k2,k,y "^'^'^'^ k'l d{k2,k,)D{k2,k,) 

{h±-ii±)h± hAh±-ii±)^2 (4 50) 



D{k2,k2-qi) D{ki-qi,ki 
One can readily see that the terms depending on r± cancel each other with the result: 



D{ki-qi,ki)^ D{k2,k2-qi 
1 



d{k2, ki 



[x2h±h± + xihi-hi. + xiX2ql^ - 2x1X2 (gi±(A;i± + k2±))] 

+ /'nr^ , A 2J^,a2^ql^) + 2 . (4.51) 
d{k2,ki)D{k2,ki) 

ClC2 



It is just C2, so that for the colour structure Tif^'^'^ the bootstrap equation is satisfied 
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Al last, consider the colour structure TZ'^^^. For the sum of C\ we have 

{h^-hi.)h^ h±{h±-^i±) {^2±-h±W2± 

D{k[-qi,k[) D{k2,k2-qi) D{k,-qi,k,) D{k'^, k'^ - q,) 
D{ki-qi,ki) D{k2,k2-qi) 

that is exactly £3. 

So, the bootstrap equation for qq production is satisfied. 



(4.52) 



4.3 Two-gluon production 



Denotations 



In the case of two-gluon production Eqs. (j4.2(Jj) - (j4.22j) are applied as before; but now ki and 
k2 are the gluon momenta. The effective vertex of two-gluon production in Reggeon-Reggeon 
collisions in a gauge invariant form was obtained in j34j. In the lightcone gauge ()2.8p for 
both gluons the vertex takes the form: 

7.?''^(gi,g2)= V(et^),(e;^)^ 



X (T'T^).^ b-^iq,; k,, k2) + {T'T^).^ h^'^iq,- A;^, k,)\ , (4.53) 

where ei 2 are the polarization vectors of the produced gluons, ii^2 are their colour indices, 
i,j are the colour indices of the Reggeons with momenta qi and q2 correspondingly, and 



6"^(gi;fci,fc2) = -(?i 



a/3 



^^^^ -(2gi_L(xifc2 - X2ki)^ + ql^{x2 



2 

2± 



-)) 



-0:2(1 - 



[d{k2,kiy ' ' ' ^'^ ' ^ D{k2,ki) 

X2k^j_q^j_ - xig°^(gi - /ci)^ Xiqfj_k^j_{qi - kiY 



D{qi - ki, ki 



D{qi - ki, ki] 



klj_D{qi - ki, ki 



Xigfj_(xifc2 - X2fci)^ + X2gfj_(xifc2 - X2ki)1 xiql^k'^^k^^ 
d{k2M) kl^D{k2M) 



,/3 



XiX2qt± 



d{k2, ki)D{k2, ki] 



[xik2 - X2ki)1k^j_ + k^j_{xik2 - X2ki)'[ 



(4.54) 



Here we use the denotations ()4.26p . Note that one can come to ()4.54j) starting from the 
vertex in the gauge e(/ci)pi = , e{k2)p2 = 35 . Our 6"^(gi; fci, k2) can be obtained from 
c°'^{ki, ^2) defined in be the gauge transformation 



&"^(gi;A;i,A;2 



9T - 2- 



c^{ki, k2). 



(4.55) 
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Independent colour structures 



Contrary to the case of qq production where J^^^^^{qi,q2,T") ()4.18p has the most general 
form in colour space, here not all admitted colour structures are present. The number of 
all independent structures is readily calculated. Indeed, decomposition of product of two 
octets (8 ® 8 = 1 © 8s © 8a © 10 © 10* © 27) contains 5 different irreducible representations, 
one of which enters two times. Such decomposition is valid for two Reggeons as well as 
for two gluons. Therefore, total number of admitted independent colour structures is 8. It 
occurs that only three of them enter in J^f-^^"^ . Actually it is predictable and is related to 
specific colour structures of the effective vertices for one-gluon ()2.18j) and two-gluon produc- 
tion ()H.18|1 . (14.531) . These vertices are expressed in terms of the colour group generators in 
the adjoint representation. From properties of these generators it follows that only three 
independent tensors with four indices can be built from them. Of course, their choice is not 
unique. We accept the following: 

. . 2 .... 

It seems that our choice is the most appropriate, i.e. the coefficients with which these tensors 
enter in T^,^^"^ are the least cumbersome. 

Let us present each of the contributions T"^ entering in J-'^^'^^{qi, q2, r) ()4.18|) in the form 

n=3 

= 2/iV,^7^;^^^^.(e^J„(e;J,£l . (4.57) 

n=l 

Writing in the same form the right part of ()4.19p 
N 

n=l 

we have from ()4.53p 

= , Cf = k^) , Cf = b^'^iq,; h) . (4.59) 

The coefficients in (j4.57|) are found by straightforward calculation using the vertices 
flTTHl . ^TWi . inrTHl) and (H3!^ . With account of (jl?!^ the bootstrap condition KT^ requires 

J rliq^ _ r)l [^'^^ + ^>^- + + + ^^f^J ^" J rHq^ - r)i ' ^ ^ ^ 
for each n. 



Verification of the bootstrap equation 



For 72 = 1 we obtain: 



al3 



{ki - xik')±_Q^ ^ {k2 - X2k')^Qj 



d{k'2, ki 



d{k2, k[) 
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XlQlih - Xik')l + X2{ki - Xik')lQl XiQ1{k2 - X2kyi + X2{k2 - X2k')1Q 



{ki-xik')l 



{k2 - X2k') 



'\2 



(4.61) 



< = -&"^(9i;^'i,A;2), 



(4.62) 



C:,^ = -b^-{q,;k'„k,] 



(4.63) 
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2k 



b''''{q^-r;k^,k2) + bf"{q^-r;k2,k,] 



2(gi - k[)lkZ 



{K-h%i{q.~k[-k2^^^^)i. 



'J\2 



(4.64) 



(4.65) 



Here and below = {qi — k'qf^/k'l)±. According to ()4.60|) the integrated sum of must 
be zero. One can track the cancellation of separate contributions using the decompositions 
(14. 46|) . (14.471) and the change of variables rj_ ^ {q2 — r)±, at which D{qi — k[, ki) <-> D{k'2, qi — 
k'2) and consequently, 



-Xiqi^{qi - k[)'[ + Xs/c'ilgf -Xik'2^j_q^^ + X2gfj_(gi - /cg)" 



'/3 



D{q,-k[,k[) 



D{k',,q,-k',) 



After that the cancellation of the terms with g'^^ follows from trivial relations 

2xik'^{ki - xik')^ - kl^ = -{dik'^, ki) + xlk'l), 



(4.66) 



(4.67) 



2x2k'j_{k2 — X2k')±_ — k. 



2± 



-{d{k2,k[)+xik'[). 



To see that the sum of all other terms is zero the equality 



-[0:2(1- 



U2 



rT7T) + ^i(l- 



ft/2 



(4.68) 



(4.69) 



rl{q2-r)Y'^^'' D{q^-k[,k[y ' D{k'„q,-k', 
which follows from the change of variables r± ^ (g2 — r)± and xi + X2 = 1, is helpful. 
Let us turn to the case = 2 in ()4.6()|1 . For separate terms in the integrand we obtain 



'~'a2 



-xiX2g^ 



Q±{k2 - X2k')_i ^ Q±{x2ki - Xik2)± 



d{k2, k[) 



d{k2, ki) 



_^XiQ1{x2ki - Xik2)1_ + X2{x2ki - xik2)1Q'l _^ XiQ1{k2 - X2k')1_ + X2(A;2 - X2k')1Q 



1/3 



/3 



d{k2, ki 



d{k2, k[] 



Cti = b-^iq,;k[,k2 



(4.70) 
(4.71) 
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rap 
'~'d2 



2k 



iK-kS)l{q.-k[-k,^^^-J^)i 



Although separate contributions in (j4.6(J|) are rather comphcated, their sum can be 
simphfied using the equahties 



rliq2 - r)']_ 



x,k[\{q,-k[Y^ , X2k'^^{q,-k',)l krAqi-k[)[ 



+ 



k'^^D{q,-k[,k[) k',\D{k'„q,-k',) k'^^ - k[ 



r\2 



0, 



r\{q2 - r) 



l l_L 2_L 



+ 



3^2^1J_^2J_ k'l 



kl^D{k'„ki) k',\D{k'„k,) kj^{q,-k[] 



0, 



which are readily follow from the change of variables r± ^ {q2 — r)±, relations ()4.6 
and not less trivial equality 

X2kfk[\ - Xik^^^k'^ = k[\{x2k[ - Xik2)i + k^^^{x2k[ - Xik2)l. 

After that fulfillment of ()4.60|1 for n = 2 becomes plain. 

Finally, consider (j4.6(jp at n = 3. For the coefficients we obtain: 



(4.72) 

(4.73) 

(4.74) 
greatly 

(4.75) 

(4.76) 
(E 



(4.77) 



^a3 = XlX2g^ 



al3 



Q±{k2 - X2k')_i ^ Q±{x2ki - Xik2) 



dik2,k[] 



d{k2, ki 



XiQ1ik2 - X2k')1 + X2Q'i{k2 - X2k')1 XiQ1{x2ki - Xik2)']_ + X2Q'iix2ki - 0:1^2) 



d{k2, k[) 



d{k2, ki 



Cti = b^'^{q,;k2,k[] 



C''J = ^b^-{q,-r-k2,k,), 

ql = 0, 

Verification of ()4.60p is rather simple here; the trivial equality 

2xik'^{k2 - X2k')^ + kf^ = d{k2, k[) + xjk'l. 

is helpful to perform it. 



(4.78) 
(4.79) 

(4.80) 

(4.81) 
(4.82) 

(4.83) 
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5 Summary and discussion 



In this paper we have calculated in the one-loop approximation the leading logarithmic cor- 
rections to the QCD amplitudes in the QMRK. We have considered two essentially different 
kinematics. In one of them two particles with limited invariant mass are produced in the 
fragmentation region of one of colliding particles. In another there are two gaps between 
rapidities of the produced particles and rapidities of colliding ones (production in the central 
region). The radiative corrections were calculated using the s-channel unitarity. In both 
cases we have found that the radiative corrections are just the same which are prescribed by 
the Reggeized form of the amplitudes. It is worth-while to note that this form of corrections 
appears as a result of miraculous cancellations between various contributions. The s-channel 
unitarity method used by us for the calculation is very economic. Using this method we have 
to consider only a few contributions, whereas number of Feynman diagrams is estimated by 
hundreds. Nevertheless, even in this approach the cancellations are quite impressive. 

Since in the s-channel unitarity method the radiative corrections are expressed in terms 
of the Reggeon vertices, the cancellation appears as a result of fulfillment of Eqs. (j3.11|) and 
fl4.19p . Therefore these equations are the bootstrap conditions, necessary for compatibility 
of the Reggeized form of the amplitudes with the s-channel unitarity. 

The gluon Reggeization is one of remarkable properties of QCD, very important at high 
energies. It is proved in the LLA, but still remains a hypothesis in the NLA. This hypothesis 
can be checked, and, hopefully, proved using the bootstrap requirement, i.e. the demand 
of compatibility of the Reggeized form of the amplitudes with the s-channel unitarity. The 
requirement leads to an infinite set of the bootstrap relations for the scattering amplitudes. 
Fulfillment of these relations guarantees the Reggeized form of the radiative corrections 
order by order in perturbation theory. It occurs that all these relations can be satisfied if 
the Reggeon vertices and the gluon Regge trajectory submit to several bootstrap conditions. 
The proof of the gluon Reggeization in the LLA Pj is just demonstration that fulfilment of 
the bootstrap conditions in the leading order is sufficient to satisfy all bootstrap relations. 
Hopefully, the same can be done in the NLA j^. There are no doubts that the Reggeized 
form of the QMRK amplitudes can be proved in such way. Since these amplitudes contain 
the gluon Regge trajectory and the Reggeon-Reggeon-gluon vertex in the leading order, the 
only new (compared with the LLA) thing which is required to perform the proof is fulfillment 
of the bootstrap conditions (j3.1H) and (j4.19j) . We'll return to this question elsewhere. 
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